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Abstract
Starting from the balance equations of mass, momentum and energy we formulate
an integral 1D model for a poly-disperse mixture injected in the atmosphere. We write
all the equations, either in their most general formulation or in the more simplified,
taking particular care in considering all the underlying hypothesis in order to make clear
when it is possible and appropriate to use them. Moreover, we put all the equations
in a non-dimensional form, making explicit all the dimensionless parameters that drive
the dynamics of these phenomena. In particular, we find parameters to measure: the
goodness of the Boussinesq approximation, the injected mass flow, the column stability
and his eventual collapse, and the importance of the atmospheric stratification, the initial
kinetic energy and the gravitational potential energy. We show that setting to zero some
of these parameters, it is possible to recover some of the existing jet and plume models
for single-phase flows. Moreover, we write a simplified set of equations for which it is
possible to find analytical solutions that can be used to describe also the dynamics of
multiphase “weak-plumes”.
Starting from the paper [11] the study on jets and plumes has been carried out by
a lot of different researcher involved in a variety of disciplines. Indeed, these kind of
phenomena are quite ubiquitous in nature...
1 The main assumptions.
In order to use the Dusty Gas model we have to assume:
• Local equilibrium.
• All the phases, either solid or gaseous, move with the same velocity field
u(x, t). [9] shows that this assumption it is valid even for the solid phase if
the Stokes time τs ≡ ρˆsρˆg
d2s
18ν is small compared to the smallest time scale of the
evolution problem.
• All the phases, either solid or gaseous, have the same temperature field T (x, t).
[9] shows that this assumption it is valid even for the solid phase if the thermal
∗matteo.cerminara@gmail.com
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2 The multiphase Dusty-Gas equations. 2
relaxation time τT,s = ρˆsCskg
d2s
12 is small compared to the smallest time scale of
the evolution problem.
Here we are interested in the mean behavior of a turbulent buoyant plume. Writing
that solution we will use the following assumptions (see [11, 10, 16, 8, 12, 17, 5, 7,
6, 13]):
• Reynold number is big enough and turbulence is fully developed, so that will
be possible to disregard thermal conduction and shear dissipation.
• Pressure is constant in horizontal section.
• The profiles of mean vertical velocity and mean density in horizontal sections
are of similar form at all heights.
• The mean velocity field outside and near the plume is horizontal. We will need
to make additional assumption on the dependence of the rate of entrainment
at the edge of the plume to some characteristic velocity at that height.
• Stationary flow.
• Radial symmetry around the source.
2 The multiphase Dusty-Gas equations.
Using the hypothesis given in the previous section, the Dusty-Gas model [9]
simplifies:
∂tρi +∇ · (ρiu) = 0 , i ∈ I (2.1a)
∂tρj +∇ · (ρju) = 0 , j ∈ J (2.1b)

∂tρm +∇ · (ρmu) = 0 , (2.1c)

∂t
(
ρm u
)
+∇ ·
(
ρm u⊗ u + pI
)
=∇ · T+ ρm g , (2.1d)

∂t
(
ρmEm
)
+∇ ·
[(
ρmEm + p
)
u
]
=((((((
(((∇ · u · T)−∇ · q + ρm u · g . (2.1e)
As suggested in [17], it is convenient to use the specific enthalpy hm = em + pρm =
(Cm+Rm)T instead of the specific energy em. We define the specific heat at constant
pressure of the mixture consequently:
Cp,m = Cm +Rm =
∑
i∈I
[yi(Ci +Ri)] +
∑
j∈J
(yjCj) , (2.2)
so that hm = Cp,mT . In this way, Eqs. (2.1) reduces to:
∇ · (ρiu) = 0 , i ∈ I (2.3a)
∇ · (ρju) = 0 , j ∈ J (2.3b)
∇ ·
(
ρm u⊗ u + pI
)
= ρm g (2.3c)
∇ ·
[
ρm
( |u|2
2 + hm
)
u
]
= ρm u · g . (2.3d)
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3 The Buoyant Plume Solution.
Coherently with hypothesis of Section 1, we will look for a solution of Eqs. (2.3)
in the following form:
yk(r, z) =

1 , if r ≥ b(z) and k = 1
Yα(z) , if r < b(z) and k = 1
0 , if r ≥ b(z) and k 6= 1
Yk(z) , if r < b(z) and k 6= 1
(3.1)
ρm(r, z) =
β(z) , if 0 ≤ r < b(z)α(z) , if r ≥ b(z) (3.2)
u(r, z) =

+U(z)zˆ , if 0 ≤ r < b(z)
−U(z)rˆ , if r = b(z)
−u(r, z)rˆ , if r > b(z)
u = U if r → b(z)
u → 0 if r  b(z)
(3.3)
p(r, z) = p(z) (3.4)
T (r, z) =
Tβ(z) , if 0 ≤ r < b(z)Tα(z) , if r ≥ b(z) (3.5)
where k = i = 1 is the phase index corresponding to the atmospheric gas, while
k 6= 1 is the generic index of a phase ejected by the plume vent. Here we used the
so called purely “Top Hat” auto-similar profile. In general – as shown in [10] – it is
possible to use better profiles. Experiments show (see e.g. [12]) that the auto-similar
Gaussian profile best fit data for a wide range of velocity measurements. Moreover,
experiments are better reproduced choosing two different plume radius (say b(z)
and λb(z)) for the density and the velocity profile; the temperature profile should
be determined by the equation of state of the fluid. Nevertheless, even if these
modification could be done in Eqs. (3.1)–(3.5), here we decided – for simplicity –
to use the “Top Hat” profile. MISS(add comments to introduce Eq. (3.17) and
the comments on entrainment, aggregation and settling that are included in the
paper. Moreover, add something pointing out that we are neglecting the presence of
humidity in the atmosphere)
Here U is an entrainment velocity. We shall write it as
U = κ Uηκ (β/α) (3.6)
where κ is a dimensionless entrainment coefficient and ηκ is an arbitrary function
of the density ratio (see e.g. [5]). When ηκ = 1 we have the model of [11], if
ηκ(x) =
√
x we get the model [14].
It useful to notice that inside the plume, the dusty gas constant Rm and specific
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heat at constant volume Cm can be written:
Rβ = YαRα +
I∑
i=2
(YiRi) +
∑
J
(YjRj) = YαRα +
I∑
i=2
(YiRi) , (3.7)
Cv,β = YαCv,α +
I∑
i=2
(YiCi) +
∑
J
(YjCj) , (3.8)
where Rα and Cv,α are respectively the gas constant and the specific heat at constant
volume for the atmosphere. We also define the specific heat at constant pressure of
the atmosphere and of the plume:
Cα = Cv,α +Rα , (3.9)
Cβ = Cv,β +Rβ = YαCα +
I∑
i=2
(Yi(Ci +Ri)) +
∑
J
(YjCj) . (3.10)
3.1 The mean conservation equations.
For each altitude z ∈ [0, L], we choose a control volume defined as the cylinder
of fixed radius B > b(z) centered above the source C = {(r, z) ∈ [0, B]× [z, z+ δz]}.
Using Eqs. (2.3a), (2.3b), (3.2) and (3.3), and the Gauss theorem, we find:
0 =
∫
C
∑
i∈I
∇ · (ρiu) +
∑
j∈J
∇ · (ρju)
 = ∫
C
∇ · (ρmu) =
= βUpib2|z+δz − βUpib2|z − αu(B, z)2piBδz .
Now, dividing for δz, sending it to 0 and then B → b(z), we get total mass flux
conservation:
dz(Q) ≡ dz(βUb2) = 2αbU . (3.11)
In the general case, the source eject solid phases that are not in the atmosphere and
some gaseous phase that is not included in the ambient composition. Identifying
such a phases, respectively, with the index i ∈ [2; I] and j ∈ J = [I + 1; I + J ], and
using again Eqs. (2.3a), (2.3b), (3.2) and (3.3), we find that the following mass
fluxes are conserved (we are neglecting particle aggregation and fallout):
dz(Qi) ≡ dz(YiβUb2) = 0 , ∀i ∈ [2; I] , (3.12)
dz(Qj) ≡ dz(YjβUb2) = 0 , ∀j ∈ J , (3.13)
while for the atmospheric phase i = 1 = α:
dz(Qα) ≡ dz(YαβUb2) = 2αbU . (3.14)
Since the mass flow rate of the erupted gases and particles are conserved, it is useful
to define their mass flow rate and mass fraction (respectively Qe,s and Ye,s):
Qe ≡
I∑
i=2
Qi,0 =
I∑
i=2
Qi =
I∑
i=2
YiβUb
2 = Q
I∑
i=2
Yi ≡ QYe , (3.15)
Qs ≡
∑
J
Qj,0 =
∑
J
Qj =
∑
J
YjβUb
2 = Q
∑
J
Yj ≡ QYs , (3.16)
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Putting together Eqs. (3.11), (3.12), (3.14) and
Yα +
I∑
i=2
Yi +
I+J∑
j=I+1
Yj = Yα + Ye + Ys = 1 , (3.17)
we obtain a relationship giving the mass flow rate Qα(z) as a function of only vent
conditions (Qi(0) ≡ Qi,0, Qj(0) ≡ Qj,0) and Q(z):
Qα(z) = Q(z)−
 I∑
i=2
Qi(z) +
∑
J
Qj(z)
 = Q(z)− (Qe −Qs) . (3.18)
By dividing Eq. (3.15), (3.16) and (3.18) by Q we obtain a relationship giving us
all the mass fraction as a function of only vent conditions (Qe,s) and the total mass
flow rate:
Ye(z) =
Qe
Q(z) , (3.19a)
Ys(z) =
Qs
Q(z) , (3.19b)
Yα(z) = 1− Qe +Qs
Q(z) . (3.19c)
Dealing with the momentum, the vertical component of Eq. (2.3c) and Eqs.
(3.2) (3.3) (3.4) yields:
1
δz
∫
C
−βg = −piβgb2 − piαg(B2 − b2) = 1
δz
∫
C
∇ ·
(
β uzu + pzˆ
)
=
pi
δz
[
(βU2b2 + pB2)z+δz − (βU2b2 + pB2)z
]
δz→0−−−→ dz(piβU2b2) + piB2dzp .
(3.20)
Again, we take the limit B → b(z), obtaining
dz(βU2b2) = (α− β)gb2. (3.21)
Here we used dzp = −αg, stated by Eq. (2.3c) together with p(r, z) = p(z) and
u→ 0 when r  b(z).
Turning to the energy balance (2.3d) and using the same techniques, we find:
dz
[
b2βU
(
U2
2 + hβ
)]
= 2αbU
(


U2
2 + hα
)
− gβUb2 , (3.22)
where hβ ≡ CβTβ and hα = CαTα. We neglect the term proportional to U2 , to
be compared to that proportional to U2, because the entrainment velocity U is
typically one order of magnitude smaller than U .
Eq. (3.22) could be written in different ways using (3.11) and (3.21):
dz
(
βUb2CβTβ
)
= (CαTα) dz(βUb2) +
U2
2 dz(βUb
2)− gαUb2 , (3.23)
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that is equivalent to Eq. (8) in [17], or
dz
(
βUb2 (CβTβ − CαTα)
)
= −βUb2 dz (CαTα) + U
2
2 dz(βUb
2)− gαUb2 , (3.24)
where the dependence on the buoyancy flux and ambient stratification is highlighted.
Finally, we have that Eqs. (3.1)–(3.5) are one mean solution of (2.3) if
dz(Qe) = 0 ,
dz(Qs) = 0 ,
dz(βUb2) = 2αbU
dz(βU2b2) = (α− β)gb2
dz (βUb2 (CβTβ − CαTα)) = −βUb2 dz (CαTα) + U22 dz(βUb2)− gαUb2 .
(3.25)
By noting again that Qe and Qs are conserved and that Eqs. (3.19) hold, here the
unknowns are β(z), U(z), b(z) and Tβ(z), provided the knowledge of the ambient
density α, the ambient temperature Tα and the dependence of U on the other
unknowns (the entrainment model). We are still lacking in one condition. The
equation of state of the various phases together with the full expanded plume
hypothesis – p(r, z) = p(z) – will give us that last needed condition.
4 The Gas-Particle Plume model.
In order to close the latter system of equations, we can use solution (3.1)–(3.5)
with the constitutive law for the dusty gas pressure. Since in Eq. (3.4) we have
assumed p(r, z) = p(z), we have that – at a given height – the pressure inside the
plume is the same of that outside the plume:
p = βRβTβ = αRαTα . (4.1)
Thus, we can rewrite the plume internal-external enthalpy differential as follows:
β(CβTβ − CαTα) = αCαTαRαCβ
RβCα
− βCαTα . (4.2)
We define the thermodynamic properties of the ejected gas and of the particles as
follows
Re =
1
Ye
I∑
i=2
YiRi , (4.3)
Ce =
1
Ye
I∑
i=2
Yi (Ci +Ri) , (4.4)
Cs =
1
Ys
∑
J
Yj Cj , (4.5)
noticing that all these quantities are – coherently – conserved along z1. In this
way thermodynamic properties of the mixture can be written in terms of the
thermodynamic properties of the three components, for example:
Cβ = YαCα + YeCe + YsCs . (4.6)
1It is sufficient to multiply both numerator and denominator of the right hand sides by Q,
and notice that YkQ = Qk = Qk,0.
4 The Gas-Particle Plume model. 7
Using these definitions plus χs = CsCα , χe =
Ce
Cα
, ψe = ReRα , and Eqs. (3.17), (3.15),
(3.16), we can write in a convenient form Eq.(4.2):
β(CβTβ − CαTα) = CαTα
[
(α− β) + α χsQs + (χe − ψe)Qe(Q−Qs) + (ψe − 1)Qe
]
. (4.7)
Now, defining the relative flux of enthalpy
F =
[
(α− β) + α χsQs + (χe − ψe)Qe(Q−Qs) + (ψe − 1)Qe
]
Ub2 (4.8)
equation (3.24) can be rearranged
F ′ = −(F +Q)dz(CαTα)
CαTα
+ U
2Q′
2CαTα
− αgUb
2
CαTα
. (4.9)
It is useful to define
Qψ = −Qs + (ψe − 1)Qe , (4.10)
Qχ = (χs − 1)Qs + (χe − 1)Qe , (4.11)
which are constants along z, so that
F =
[
(α− β) + αQχ −Qψ
Q+Qψ
]
Ub2 . (4.12)
This expression for F represents a modification of the buoyancy flux for a dusty-
gas plume in the general non-Boussinesq case (cf. [3]). It takes the classic form
(α− β)Ub2 ([5], [7]) for a single-component gas plume (in such a case Qχ = 0 and
Qψ = 0). For this reason we will refer to the relative flux of enthalpy F as the
dusty gas buoyancy flux, a generalization for the multiphase case of the standard
buoyancy flux.
This new quantity F , together with the mass flux Q = βUb2 and the momentum
flux M = βU2b2 allow us to close problem (3.25) in their terms:
Q′ = 2U(α,Q,M,F )
√√√√αQ(F +Q)(Q+Qψ)
M [Q+Qχ]
M ′ = gFQ
M
[
1− (F +Q)(Qχ −Qψ)
F [Q+Qχ]
]
F ′ = −(F +Q)(CαTα)
′
CαTα
+ M
2Q′
2CαTαQ2
− g(F +Q)(Q+Qψ)
CαTα(Q+Qχ)
,
(4.13a)
(4.13b)
(4.13c)
where U = M
Q
, b =
√
Q(F+Q)(Q+Qψ)
αM(Q+Qχ) and β = α
Q[Q+Qχ]
(F+Q)(Q+Qψ) .
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5 Non-dimensionalization.
It is useful to transform the latter problem in dimensionless form. We choose
Q(z) = Q0q(ζ), M(z) = M0m(ζ), F (z) = F0f(ζ) and z = `0ζ (`0 = Q0√α0M0 ), where
(·)0 refers to the vent height. In this way, we have q(0) = m(0) = f(0) = 1. It
is worth noting that ζ = 0 can correspond to the actual vent elevation as to any
height above the vent (cf. [3]). The model in non-dimensional form then is
q′ = vqηκ
√√√√a(ζ) m(φf + q)(q + qψ)
q(q + qχ)
(5.1a)
m′ = vm
q
m
(
f − γc (φf + q)(q + qχ)
)
(5.1b)
f ′ = vf
tα(ζ)
[
(φf + q)
(
θf (ζ)− q + qψ
q + qχ
)
+ φ2vm
m2q′
q2
]
, (5.1c)
where ηκ – defined in Eq. (3.6) – is the entrainment function, potentially depending
on the other variables and parameters; a(ζ) ≡ α(`0ζ)/α0, tα(ζ) = Tα(`0ζ)/Tα,0,
φ ≡ F0/Q0, qψ ≡ Qψ/Q0, qχ ≡ Qχ/Q0, γc ≡ Qχ−QψF0 , θf (ζ) ≡ − 1vfφt′α(ζ) and
vq = 2κ (5.2)
vm =
gF0Q0`0
M20
= φg`0
U20
= Ri (5.3)
vf =
gQ0`0
F0CαTα,0
= g`0
φCαTα,0
= g`0
Cβ,0Tβ,0 − CαTα,0 =
g`0
∆h0
= Ec
Fr2
. (5.4)
We call these last three parameters the rate of variation respectively of q, m, f .
In Eq. (5.3), we have given a modified definition of the Richardson number Ri =
φg`0/U
2
0 , because φg = g′ in the monophase case (g′ being the reduced gravity). In
Eq. (5.4) we used the definition of the Froude number Fr = U20/g`0 and of the Eckert
number U20/∆h0, where ∆h0 = Cβ,0Tβ,0−CαTα,0 is the enthalpy anomaly at the vent.
Moreover, we have used Eqs. (4.7), (4.8) implying φCαTα,0 = Cβ,0Tβ,0 − CαTα,0 . It
is also useful to rewrite the physical variables as a function of these new parameters:
U = M0
Q0
m
q
(5.5a)
b = `0
√√√√q(φf + q)(q + qψ)
am(q + qχ)
(5.5b)
β = α q(q + qχ)(φf + q)(q + qψ)
(5.5c)
Tβ = Tα
φf + q
q + qχ
(5.5d)
Ye (s) =
Ye,0 (s,0)
q
. (5.5e)
It is worth noting that qχ, qψ > −1 because the specific heats and gas constants
are positive (χ·, ψ· > 0) and the sum of the initial mass fraction is smaller than
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1 (cf. definition of qχ, qψ in Tab. 5.1). Moreover, φ > −1 because Cβ,0Tβ,0 > 0.
Even if these are the general conditions for such parameters, in Tab. 5.1 there are
summarized the possible ranges for volcanic eruptions.
Using dzp = −αg and the ideal gas law it is possible to obtain the density
stratification as a function of the temperature:
a(ζ) = t−1α (ζ) exp
(
− g`0
RαTα,0
∫ ζ
0
t−1α (ζ ′) dζ ′
)
. (5.6)
For example, if the non-dimensional atmospheric thermal gradient θ = θα`0/Tα,0 is
constant, we have tα(ζ) = 1− θζ and:
a(ζ) = (1− θζ) gRαθα−1 , (5.7)
and θf (ζ) = θf = θ/vfφ.
It is also useful to define the Brunt-Väisällä frequency N¨ . Recalling that the
potential temperature is
tp,α(ζ) = tα(ζ) (a(ζ)tα(ζ))−
Rα
Cα , (5.8)
we obtain
N¨2 = g
b0
ln(tp,α)′(ζ) =
g2
CαTα,0
1− θf (ζ)
tα(ζ)
. (5.9)
This frequency depends on the height z, but it can be approximately be considered
as a constant because it vary slowly in our atmosphere: ≈ 10 % of variation in the
troposphere. In what follows we call N¨0 its constant approximation. Using standard
average conditions for the troposphere, we find N¨0 ' 1.13 ∗ 10−2 Hz. Studying
plumes in a stratified atmosphere (cf. Sec. 5.6), it is useful to define
vf
1− θf
tα
= `0N¨
2
φ g
' `0N¨
2
0
φ g
= 1
φ¨`
≡ vf,0 , (5.10)
showing that the new parameter vf,0 can be recovered by knowing the enthalpy
anomaly φ and the non-dimensional stratification length scale ¨`≡ g/N¨20 `0. In other
words, the more vf,0 increases the more the vent dimensions corrected with the
enthalpy anomaly are comparable with the stratification length scale.
All these non-dimensional parameters characterize the multiphase plume and give
us the possibility to classify through them all the possible regimes. We summarize in
Tab. 5.1 six of them, which are the independent non-dimensional parameters
sufficient to characterize a multiphase plume. In order to fix ideas, we show
there the range of variability of those independent parameters for Strombolian to
Plinian volcanic eruptions.
Indeed, the knowledge of these parameters and of the thermodynamic properties
of the atmosphere allows us to retrieve the physical dimensional parameters. We
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parameter explicit form range of variability description
φ
CβTβ,0 − CαTα,0
CαTα,0
0.3÷ 5 enthalpy anomaly(non-Boussinesqness)
qψ −Ys,0 + (ψe − 1)Ye,0 −1÷ 1 mass flux anomalydue to gas constants
qχ (χs − 1)Ys,0 + (χe − 1)Ye,0 −1÷ 1 mass flux anomalydue to specific heats
vq/2 κ 0.05÷ 0.3 entrainmentcoefficient
vm
φ g`0
U20
10−4 ÷ 10 modifiedRichardson number
¨` g
N¨20 `0
102 ÷ 105 stratificationlength-scale
Tab. 5.1: Independent parameters for a multiphase plume in a stratified atmosphere.
report here all the inversion relationships needed:
`0 =
g
N¨20 ¨`
see footnote2 (5.11a)
b0 = `0
√√√√(1 + φ)(1 + qψ)
1 + qχ
(5.11b)
β0 = α0
1 + qχ
(1 + φ)(1 + qψ)
(5.11c)
U0 =
√
gφ`0
vm
(5.11d)
Tβ,0 = Tα,0
1 + φ
1 + qχ
(5.11e)
Q0 = β0U0b20 (5.11f)
M0 = β0U20 b20 (5.11g)
F0 = φQ0 (5.11h)
γc =
qχ − qψ
φ
(5.11i)
vf =
g`0
φCαTα,0
(5.11j)
vf,0 =
1
φ¨`
(5.11k)
Ye,0 =
qχ + (χs − 1)qψ
(χe − 1) + (χs − 1)(ψe − 1) see footnote
3 (5.11l)
Ys,0 = (ψe − 1)Ye,0 − qψ (5.11m)
Yα,0 = 1− Ys,0 − Ye,0 . (5.11n)
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In Cerminara et al. [3], we have used these inversion relationships to obtain the
vent condition of a real volcanic eruption occurred at Santiaguito (Santa Maria
Volcano, Guatemala).
In this thesis, we will study only two of all the possible entrainment models
introduced in the literature:
• Morton et al. [11], where ηκ = 1
• Ricou and Spalding [14], where ηκ = ηκ(β/α) =
(
q(q + qχ)
(q + φf)(q + qψ)
) 1
2
More complex models have been studied in volcanology and fluid dynamics. One
example can be found in [1] where ηκ depends on the local Richardson number.
It is worth noting that the mass flux q(ζ) is a strictly increasing function as
long as ηK is positive, while the sign of m′(ζ) depends on the buoyancy sign:
sign(buoyancy) = sign
(
f − γc (φf + q)(q + qχ)
)
, (5.12)
because vm, q, m are strictly positive. For an analysis on the plume buoyancy
behavior see Sec. 5.4. In Sec. 5.6 we will study in detail the evolution of the plume
variables under the Boussinesq approximation. However, something can be noted
even at this point of the analysis by looking at the full system (5.1): 1) the mass
flow q(z) is a strictly increasing function because the entrainment models we are
using are positive functions; 2) the momentum flux m(z) has derivative equal to zero
when the buoyancy become zero. It can be due to two causes, buoyancy reversal
or neutral buoyancy level. We denote ζnbl the neutral buoyancy level; 3) when
m(z) = 0 system (5.1) encounters a singularity. In that point the plume reaches
its maximum height ζmax; 3) the enthalpy flux is a strictly decreasing function,
because usually in applications the term containing
(
θf (ζ)− q+qψq+qχ
)
is dominant and
negative.
In the next sections we discuss some of the approximations applicable to problem
(5.1). In particular we find that γc is the parameter related to the column instability
– if γc > 1 then the volcanic column will collapse – and that φ is the parameter
measuring the non-Boussinesqness of the mixture – if φ 1 then the Boussinesq
approximation holds. Moreover, qψ and qχ are the parameters measuring the
multiphaseness of the mixture – if |qψ| ' |qχ|  1 the plume can be considered as
a single phase one.
In this thesis we will study three different volcanic eruption and one experimental
plume that we denote, from the weaker to the stronger: [forcedPlume], [Santiaguito],
[weakPlume], [strongPlume]. We report in Tab. 5.2 all the parameters for these
volcanic eruptions, respectively: 1) the physical parameters at the vent – radius,
density, temperature, velocity and mass fractions; 2) the mass, momentum and
enthalpy flows; the non-dimensionalization length scale and the multiphase Morton
2When stratification is disregarded, no reference length scales are present in the non-
dimensional system, thus b0 must be given and `0 can be recovered from Eq. (5.11b).
3In order to have the mass fraction of ejected gas and solids, their thermodynamic properties
must be known: namely their specific heat and the gas constant of the ejected gas.
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length scale (see below); 3) the six independent non-dimensional parameters; 4) the
non-dimensional dependent parameters; 5) the non-dimensional plume maximum
and neutral buoyancy level height, as obtained from system (5.1) with Ricou and
Spalding [14] entrainment model 4.
5.1 Monophase plume.
If the thermodynamic properties of the ejected fluid are similar to them of the
ambient fluid then |qψ| ' |qχ|  1. In this case, model (5.1) becomes:
q′ = vqηκ
√
a(z)m(φf + q)
q
(5.13a)
m′ = vm
qf
m
(5.13b)
f ′ = vf
tα(z)
[
(φf + q)(θf (z)− 1) + φ2vm
m2q′
q2
]
, (5.13c)
where
ηκ = 1 ([11])
ηκ =
√
q
φf + q ([14]) .
It is worth noting that in the single phase case Cβ = Cα and Rβ = Rα. Thus,
the initial enthalpy anomaly reduces to the initial thermal anomaly or equivalently
to the density anomaly:
φ = Tβ,0 − Tα,0
Tα,0
≡ ∆T0
Tα,0
= α0 − β0
β0
. (5.14)
Consequently the reduced gravity becomes g′ = φg.
5.2 Jet regime
In the jet regime – defined as the one where m = f = 1 – Woods [17] pointed
out that the Ricou and Spalding [14] model can be used. In this case, Eqs. (5.1)
simplify a lot, becoming:
q′ = vq m′ = 0 f ′ = 0 , (5.15)
with the easy solution q(ζ) = vq ζ + 1.
Substituting this solution in Eqs. (5.1) and proceeding with the dimensional
analysis, it is possible to find `M , the dimensionless transition length scale between
4While for [forcedPlume], [Santiaguito], [weakPlume] we have used a constant atmospheric
thermal gradient, for [strongPlume] the atmospheric temperature profile is a little bit more complex,
because we have included in it the presence of the tropopause [cf. 4].
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parameter [forcedPlume] [Santiaguito] [weakPlume] [strongPlume]
b0 [m] 0.03175 22.9 26.9 703
β0 [kg/m3] 0.622 1.05 4.87 3.51
α0 [kg/m3] 1.177 0.972 1.100 1.011
Tβ,0 [K] 568 375 1273 1053
Tα,0 [K] 300 288 270.92 294.66
U0 [m/s] 0.881 7.29 135 275
Rα [m2/s2K] 287 287 287 287
Cα [m2/s2K] 1004.5 998 1004 1004
ψe – 1.61 1.61 1.61
χe – 1.866 1.803 1.803
χs – 1.102 1.096 1.096
Ye,0 0 0.196 0.03 0.05
Ys,0 0 0.410 0.97 0.95
Yα,0 1 0.394 0 0
N¨0 [Hz] 1.14 ∗ 10−2 1.43 ∗ 10−2 1.40 ∗ 10−2 2.14 ∗ 10−2
piQ0 [kg/s] 1.74 ∗ 10−3 1.26 ∗ 104 1.5 ∗ 106 1.5 ∗ 109
piM0 [kg m/s2] 1.53 ∗ 10−3 9.19 ∗ 104 2.02 ∗ 108 4.12 ∗ 1011
piF0 [kg/s] 1.55 ∗ 10−3 7.28 ∗ 103 6.35 ∗ 106 4.56 ∗ 109
`0 [m] 0.02308 23.8 56.6 1310
LM [m] 0.0854 18.4 352 4070
φ 0.893 0.58 4.25 3.04
qψ 0 -0.290 -0.952 -0.920
qχ 0 0.212 0.117 0.131
vq 0.28 0.659 0.2 0.2
vm 0.261 2.54 0.129 0.517
¨` 3.29 ∗ 106 2020 886 16.4
γc 0 0.869 0.252 0.345
vf 8.41 ∗ 10−7 1.41 ∗ 10−3 4.81 ∗ 10−4 1.43 ∗ 10−2
vf,0 3.40 ∗ 10−7 8.58 ∗ 10−4 2.66 ∗ 10−4 2.01 ∗ 10−2
ζmax 1665 23.98 160.6 20.68
ζmax/ζnbl 1.318 1.306 1.354 1.523
Tab. 5.2: Relevant parameters of the plumes studied in this thesis.
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the jet and the plume regime. It is the length scale for which the momentum
variation becomes important. From the momentum equation we find:
1
`M
' vm(vq`M + 1) ' vmvq`M ⇒ `M = (vqvm)− 12 , (5.16)
from which, back to dimensional units:
LM =
(
U20 `0
2κφg
) 1
2
. (5.17)
This quantity became equivalent to that defined in Morton [10] when qψ = qχ = 0
and β ' α.
The typical length scale of stratification `S for a jet can be found by using a
similar dimensional analysis for Eq. (5.1c)
1
`S
= vf,0(φ+ 1 + vq`S) ' vf,0vq`S ⇒ `S = (vqvf,0)−
1
2 , (5.18)
or
`S
`M
=
(
vm
vf,0
) 1
2
= φg
U0N¨
≡ δj . (5.19)
This parameter is comparing the rate of variation of m and f . We have that if δj < 1
than stratification have a role in the jet-like part of the plume, on the contrary,
if δj > 1 stratification is important just in the plume-like part of the plume. We
will comment better this length scale in the section below dedicated to the plume
height.
Usually in jets, atmospheric stratification is not important because of their
limited height (δj > 1). We want to explore now when the kinetic correction term
could be important. Contrarily to the last two terms, the second term in square
brackets in Eq. (5.1c) become less important as ζ grows. In particular it decreases
with q′/q2 ∝ ζ−2. Defining the typical length scale for this term `K , we have:
1
`K
' φvfvq2vm(1 + vq`K)2 ⇒ `K =
1
vq
(φvf4vm − 1
)
±
√√√√(φvf
4vm
− 1
)2
− 1
 ,
(5.20)
admitting a positive solution if and only if
φvf
vm
= U
2
0
∆h0
> 8 ⇒ `K '

4vm
vqφvf
= 2∆h0
κU20
. 1
φvf
2vqvm
= U
2
0
4κ∆h0
 1 .
(5.21)
Thus, the kinetic correction can be important just near the vent or very far from
it and only when ∆h0  U20 (Ec  1). In other words, this correction can be
important for “cold and fast” jets and far from the jet center. Generally, in volcanic
plumes the Ec number is small, thus the kinetic correction can be disregarded.
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5.3 Non stratified plume regime
If stratification and the last term in square brackets of Eq. (5.1c) can be
disregarded, f = 1 and model (5.1) becomes
q′ = vqηκ
√√√√m(φ+ q)(q + qψ)
q(q + qχ)
(5.22a)
m′ = vm
q
m
(
1− γc (φ+ q)(q + qχ)
)
(5.22b)
f ′ = 0 . (5.22c)
This ordinary differential equation has a first integral of motion5 U in both the
considered cases for ηκ. We found respectively for the entrainment models of
Morton et al. [11] and Ricou and Spalding [14]:
UMTT = 2
∫ (
1− γc (φ+ q)(q + qχ)
)√√√√ q(q + qχ)
(φ+ q)(q + qψ)
dq − 4vq5vmm
5/2 (5.23a)
URS = q2(1− γc)− 2γc(φ− qχ) [q − qχ ln(|q + qχ|)]− 4vq5vmm
5/2 . (5.23b)
Using this first integral of motion in Eq. (5.22a) it is possible to find an implicit
solution for the height of the form ζ = ζ(q). For the Ricou entrainment model,
defining
l(q) = q2(1− γc)− 2γc(φ− qχ) [q − qχ ln(|q + qχ|)] , (5.24)
and substituting the corresponding first integral of motion found in Eq. (5.23b)
URS(q,m) = l(q)− 4vq5vmm
5/2 = URS(1, 1) = l(1)− 4vq5vm , (5.25)
into Eq. (5.22a), we found the following implicit solution:
ζ = ζ(q) =
∫ q
1
dx 1
vq
[
5vm
4vq
(l(x)− URS)
]− 15
. (5.26)
Using this solution it is possible to find the height at which the Boussinesq approxima-
tion starts to hold: ζ = ζBou. We choose the value q = qBou = 10max(|φ|, |qχ|, |qψ|).
In Tab. 5.3 are reported the value we obtain for the examples considered in this
thesis. By comparing those values with ζmax reported in Tab. 5.2 it is possible to
have an idea of the part of the plume where the Boussinesq regime holds.
Under the same hypothesis of this section, the monophase case (5.13) becomes
equivalent to the model studied in Fanneløp and Webber [5]:
q′ = vqηκ
√
m(φ+ q)
q
(5.27)
m′ = vm
q
m
(5.28)
f ′ = 0 . (5.29)
5A first integral of motion is a quantity remaining constant along the motion described by the
differential equation. It is also called constant of motion.
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For the entrainment models of Morton et al. [11] and Ricou and Spalding [14] the
first integral of motion are respectively:
UMTT =
(
q − 32φ
)√
q(q + φ) + 32φ
2 ln
(√
q +
√
q + φ
)
− 4vq5vmm
5/2 (5.30)
URS = q2 − 4vq5vmm
5/2 . (5.31)
5.4 Buoyancy reversal and plume stability
In this section, we consider the plume model behavior near the vent, where it
is not possible to use the approximation q  |φ|, |qχ|, |qψ| (see next section) but
f ' 1 as done in the previous section. Here we will use the Richou entrainment
model because we are near the vent, however the present analysis is independent
from the entrainment model used since the sign of the buoyancy does not depend
on ηK. In model (5.22), the sign of the buoyancy force is determined by:
sign(buoyancy) = sign
(
1− γc (φ+ q)(q + qχ)
)
= sign(l′(q)) . (5.32)
Here, l(q) is the first integral function defined in Eq. (5.24). When l′(q) < 0,
the plume is negatively buoyant and m decreases. If we arrive to the condition
l(q) = URS then m→ 0 because the first integral URS must be constant. Thus the
plume stops (or collapses) and it is not able to reverse its buoyancy.
We can better understand the behavior of the non-stratified multiphase plume
by analyzing all the possible configurations. For this purpose, it is useful to define
γ∗ ≡ 1 + qχ1 + φ =
T0,α
T0,β
, qmin =
γcφ− qχ
1− γc , (5.33)
where l′(qmin) = 0. We enumerate the following situations for q ≥ 1 (recall that
q(ζ) ≥ 1 because it is a strictly increasing function and qχ, φ > −1) by denoting
“C” the cases when the plume collapses and by “B” the cases when the plume can
reach and sustain the condition of positive buoyancy:
1B) positive buoyant. If γc ≤ 1 ∧ γc < γ∗
then l′(q) > 0 ∀ q ≥ 1 and the plume rises indefinitely.
2B) zero, then immediately positive buoyant. If γc = γ∗ < 1 (⇒ φ > qχ)
then l′(q) > 0 ∀ q > 1, l′(q) = 0 if q = 1
3B) jet with zero buoyancy. If γc = γ∗ = 1 (⇒ φ = qχ)
then l′(q) = 0 and the plume behaves as a jet.
4BC) from negative to positive buoyancy. If γ∗ < γc < 1 (⇒ φ > qχ)
then l′(q) < 0 when q < qmin, the minimum of l(q) is reached in q = qmin
and l′(q) > 0 when q > qmin. In this case inversion of the buoyancy
sign can be possible if the minimum value of l(q) is above the first integral:
l(qmin) − URS > 0. In the opposite situation l(qmin) − URS < 0 the plume
is not able to invert its buoyancy and it collapses when m = 0, thus when
l(q) = URS.
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parameter [forcedPlume] [Santiaguito] [weakPlume] [strongPlume]
ζBou 15.77 7.07 82.2 53.9
γc 0 0.869 0.252 0.345
γ∗ 0.528 0.768 0.213 0.280
qmin – 2.22 1.27 1.40
l(qmin)− URS – 0.0388 1.19 0.214
aq 0.860 1.59 1.65 0.473
Tab. 5.3: Column stability parameters for the plumes studied in this thesis.
5C) from positive to negative buoyancy. If 1 < γc < γ∗ (⇒ φ < qχ)
then l′(q) > 0 when q < qmin, the maximum of l(q) is reached in q = qmin
and l′(q) < 0 when q > qmin. In this case the plume always collapses going
from positive to negative buoyancy.
6C) zero, then immediately negative buoyant. If γc = γ∗ > 1 (⇒ φ < qχ)
then l′(q) < 0 ∀ q > 1, l′(q) = 0 if q = 1
7C) negative buoyant. If γc ≥ 1 ∧ γc > γ∗
then l′(q) < 0 ∀ q ≥ 1 and the plume collapses being always negative
buoyant.
Thus, we can summarize that: 1) if γc > 1 the plume starts or becomes negative
buoyant and collapses; 2) γ∗ must be compared with γc to know the initial buoyancy
of the plume: if γc < γ∗(>) then the plume is initially positive (negative) buoyant;
3) if γc < 1 then the plume is or can become positive buoyant, buoyancy reversal
occurs if l(qmin)− URS > 0. In Tab. 5.3 we report all of these parameters for the
plumes studied in this thesis. While [forcedPlume] is positive buoyant, the other
three plumes are initially negative buoyant. For all of them, buoyancy reversal
occurs.
5.5 Non stratified Boussinesq regime
In the Boussinesq limit, we have that q  |φ| , |qχ| , |qψ|. It is worth noting that
under this approximation the reduced gravity g′ can be written via φ:
φg ' α0 − β0
α0
g = g′ . (5.34)
Moreover, the two entrainment models we are considering become equivalent and
Eqs. (5.1) reduces to:
q′ = vq
√
m (5.35a)
m′ = vm (1− γc) q
m
(5.35b)
f ′ = 0 . (5.35c)
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which is the multiphase version of the celebrated model introduced by Morton et al.
[11]:
q′ = vq
√
m (5.36a)
m′ = vm
q
m
(5.36b)
f ′ = 0 . (5.36c)
Thus, we have found that the equations for a multiphase plume in a calm environ-
ment under the Boussinesq approximation are equivalent to the monophase Morton
et al. [11] model with the following modification:
vm → vm(1− γc) . (5.37)
Model (5.35) has the following first integral:
UMTT = URS = U = q2 − 4vq5vm(1− γc)m
5/2 (5.38)
U = 1− aq (5.39)
aq ≡ 4vq5vm(1− γc) , (5.40)
The values of aq for the plume examples studied in this thesis are reported in
Tab. 5.3. From this expression and Eq.(5.35a), we found the implicit solution:
ζ = ζ(q) = |aq|
1
5
vq
∫ q
1
dx
∣∣∣x2 − 1 + aq∣∣∣− 15 . (5.41)
This solution has two branches, depending on the sign of (1− γc), thus on the sign
of aq. If aq < 0, the column is unstable with implicit solution (cf. App. B for the
definition of the Gaussian hypergeometric functions Fb and Gb):
ζ = (−aq)
1
5
vq(1− aq) 15
[
q F− 15
(
q2
1− aq
)
− F− 15
(
1
1− aq
)]
. (5.42)
The maximum height is reached when qmax =
√1− aq:
Hmax/`0 =
(−aq) 15
vq(1− aq) 15
[√
1− aq F− 15 (1)− F− 15
(
1
1− aq
)]
. (5.43)
In Fig. 5.1 we show the behavior of Hmax/`0 for vq = 0.2 and we compare it with
the following asymptotic expansion (F−1/5(1) ' 1.150):
Hmax/`0 =
1
vq
(
F− 15 (1)
√
−aq − 1
)
+O
(
(−aq)− 12
)
. (5.44)
Thus, the maximum height of a collapsing multiphase plume in Boussinesq regime
behaves approximately as √−aq.
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Fig. 5.1: The height of collapse of a multiphase plume in a non-stratified stable atmosphere as a function of the
parameter aq defined in Eq. (5.40). Here we compare the exact formula Eq. (5.43) with its asymptotic
expansion Eq. (5.44), in the case vq = 0.2.
On the other hand, if aq > 0, the column is stable, rising indefinitely with this
law (see App. B):
ζ = 53vq
a
1
5
q
[
q
3
5G− 15
(
1− aq
q2
)
−G− 15 (1− aq)
]
. (5.45)
The asymptotic expansion G(x) = 1+O(x) allows us to find the self-similar solution:
q(ζ) =
 3vq
5a
1
5
q
ζ +G− 15 (1− aq)
 53 ∝ ζ 53 (5.46a)
m(ζ) =
[
1
aq
(
q2(ζ)− 1
)
+ 1
] 2
5
∝ ζ 43 . (5.46b)
From here it is possible to extract the asymptotic plume radius evolution:
b(ζ) = q(ζ)√
m(ζ)
= 35vq ζ + a
1
5
q G− 15 (1− aq) . (5.47)
In this formula, we can recognize the famous result of Morton et al. [11]: the plume
spread b′(ζ) is asymptotically constant and equal to 35vq =
6
5κ. Moreover we found
the initial virtual radius of the asymptotic plume and its asymptotic approximation,
bv = a1/5q G− 15 (1− aq) ' 0.5012
√
aq + 0.6 . (5.48)
The virtual plume radius is the intercept between z = 0 and the radius of the
equivalent plume spreading from a point source at z = zv = −5a
1/5
q
3vq G− 15 (1 − aq).
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(a) Virtual radius bv (b) Necking height ζneck
Fig. 5.2: a) The virtual radius bv as a function of aq . The virtual radius tends to zero when aq → 0 and increases
with a square root law as aq increases (cf. Eq. (5.48)). b) Height of the plume radius necking ζneck as
predicted by Eq. (5.51).
In Fig. 5.2a we show the behavior of bv(aq) and of its asymptotic approximation.
Finally, it is worth noting that the derivative of the plume radius has a simple
expression thanks to the first integral (5.38)
b′(ζ) = vq
[
3
5 −
2(1− aq)
5aqm5/2
]
, (5.49)
from which
b′(0) = vq
[
3
5 −
2(1− aq)
5aq
]
, (5.50)
is the plume radius slope at ζ = 0. Another important property is the necking
height ζ = ζneck, where b′(ζneck) = 0. It exists only when 0 < aq < 2/5:
ζneck =
5
3vq
a
1
5
q
[(5
3(1− aq)
) 3
10
G− 15
(3
5
)
−G− 15 (1− aq)
]
. (5.51)
As shown in Fig. 5.2b, the necking height never exceeds ζ = 1.
We summarize in Fig. 5.3 all the possible regimes of model (5.35). Ranging from
aq = 0− to aq = 0+ passing through aq =∞, we have shown that: 1) (collapsing
regime) when aq < 0 the plume is collapsing, b′(0) > vq, and its height increases
as aq decreases (cf. Fig. 5.1); 2) (jet regime) when aq →∞ then model Eq. (5.35)
reduces to the jet model (5.15) with b(z) = vqz + 1; 3) (forced plume regime) when
aq > 1 the initial slope is 3vq5 < b
′(0) < vq, and the plume starts behaving as a jet
until z < `M (cf. (5.16) and Morton [10]), then it moves to the plume-like behavior.
As shown in Figs. 5.3, 5.2a, `M and bv increase with aq; 4) (pure plume regime) when
aq = 1 the solution of model (5.35) highly simplifies and asymptotic expansions
coincide with the exact solution. In particular, we have b(z) = 3vq5 z + 1. There is
not a jet-like interval in this regime; 5) (buoyant plume regime) when 0 < aq < 1
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Fig. 5.3: Evolution of the plume radius b(z) = q/
√
m in all the admissible regimes of model (5.35) with vq = 0.2.
Starting from the lower graph, we choose: aq = −1, −10, −50, ∞, 50, 10, 1, 0.1, 0.0001 .
we have b′(0) < 3vq5 , and the plume radius reach its asymptotic slope
3vq
5 rapidly,
after a small necking interval. In particular, if 0 < aq < 2/5 there exist ζneck > 0
where b′(ζneck) = 0.
5.6 Boussinesq plume regime in a stratified environment
The Boussinesq approximation, with atmospheric stratification reduces (5.1) to:
q′ = vq
√
a(ζ)m (5.52)
m′ = vm
q
m
(f − γc) (5.53)
f ′ = −vf 1− θf (ζ)
tα(ζ)
q . (5.54)
If we consider the atmospheric stratification only at the first order, we can apply
the following approximation to the latter system (cf. Eqs. (5.9) and (5.10)):
a(ζ) ' 1 vf 1− θf (ζ)
tα(ζ)
' vf,0 , (5.55)
allowing us to write the multiphase plume model in a stratified calm atmosphere:
q′ = vq
√
m
m′ = vm
q
m
(f − γc)
f ′ = −vf,0 q .
(5.56a)
(5.56b)
(5.56c)
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This model reduces to the same model introduced by Morton [10] in the monophase
case:
q′ = vq
√
m (5.57a)
m′ = vm
qf
m
(5.57b)
f ′ = −vf,0 q , (5.57c)
where vf,0 is proportional to the Brunt-Väisällä frequency N¨2 (cf. Woods [18] and
Eq (5.10)).
In order to find the first integrals of motion, we write system (5.56) in this form:
dq
vq
√
m
= m dm
vmq(f − γc) = −
df
vf,0q
. (5.58)
By using the last equation multiplied by q(f − γc), we obtain the first conserved
quantity (recall that f0 = m0 = 1):
Um =
vf,0
vm
m2 + (f − γc)2 = (1− γc)2 + vf,0
vm
. (5.59)
Um is a very interesting quantity, because it holds whatever the entrainment model
is. Indeed, we have found it just by using the conservation of mass and enthalpy in
system (5.56), which are independent from the entrainment model. Moreover, this
conserved quantity is telling us that m reaches its maximum value
mmax =
√
1 + vm
vf,0
(1− γc)2 , (5.60)
when f = γc. In other words, the flux of momentum is maximum when the flux of
buoyancy (f − γc) is zero: neutral buoyancy level.
Additionally, this first integral of motion tells us the value of the enthalpy flux
when the plume reaches its maximum height. We define the maximum height of the
plume as the point ζ = ζmax where m = 0, thus the minimum value of the enthalpy
flux should be
f(ζmax) ≡ fmin = γc −
√
Um , (5.61)
because f is a strictly decreasing function of ζ (cf. Eq. (5.56c)). Thus, increasing
the height ζ from 0 to ζmax let f decrease from 1 to fmin; while m increases from 1
(f = 1) to mmax (f = γc), then it decreases to 0 when f = fmin. These observations,
will be very useful in the next sections of this chapter.
Moving back to Eq. (5.58), it is easy to show that:
q dq = − vq
vf,0
√
m df = −vqv
1/4
m
v
5/4
f,0
(
Um − (f − γc)2
)1/4
df , (5.62)
from which we obtain another first integral of motion:
Uq = q2 +
2vqv1/4m
v
5/4
f,0
U1/4m (f − γc)F 14
(
(f − γc)2
Um
)
, (5.63)
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parameter [forcedPlume] [Santiaguito] [weakPlume] [strongPlume]
1− x0 6.521 ∗ 10−7 9.163 ∗ 10−3 1.832 ∗ 10−3 4.245 ∗ 10−2
q˜0 2.054 ∗ 10−8 1.753 ∗ 10−3 2.178 ∗ 10−4 3.940 ∗ 10−2
δp 1.114 ∗ 10−3 0.1363 6.062 ∗ 10−2 0.3010
ap 0.9321 0.5183 0.4828 1.691
ζmax 1526 21.35 141.9 17.89
ζ(1)max 1524 20.54 139.3 15.89
ζ(0)max 1532 24.16 151.5 24.33
ζmax/ζnbl 1.318 1.375 1.345 1.488
ζ(1)max/ζ
(1)
nbl 1.318 1.394 1.354 1.582
Tab. 5.4: The main parameters defined in this section for the four plume examples of this thesis.
where F 1
4
(x) = 2F1
(
−14 , 12 ; 32 ;x
)
is the hypergeometric function defined when x < 1
in App. B and F 1
4
(1) = pi3/2
√
2/(6 Γ2(3/4)) ' 0.87406. Noting that xF 1
4
(x2) is a
strictly increasing function bounded in [−1, 1], we have that, as f decrease from 1
to γc −
√
Um, q must increase from 1 to
q2max = 1 +
2vqv1/4m
v
5/4
f,0
U1/4m
[
(1− γc)F 1
4
(
(1− γc)2
Um
)
+
√
Um F 1
4
(1)
]
. (5.64)
By using again Eq. (5.56c) with (5.63), we have found the implicit solution of
problem (5.56):
ζ = 1
vf,0
1∫
f
df ′
Uq − 2vqv1/4m
v
5/4
f,0
U1/4m (f ′ − γc)F 14
(
(f ′ − γc)2
Um
)− 12 . (5.65)
In order to better understand the behavior of the solution in different regimes,
it is useful to define (see also Eq. (5.19)):
δp ≡
(
vf,0
(1− γc)2vm
) 1
2
= 1|1− γc|
U0N¨
φg
plume limit parameter (5.66)
δj ≡ (|1− γc|δp)−1 = φg
U0N¨
jet limit parameter (5.67)
which are comparing Uφ = U0/φ with Ug = g/N¨ ' 925 m/s and γc with 1. As we
will show in the next section, when δp is small (Uφ  Ug and γc < 1) the solution
has mainly a plume-like behavior, on the contrary, when δj  1, the solution
behaves manly as a jet.
6Here Γ(x) is the Gamma function.
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When we are in the plume limit regime (δp  1), any power of Um can be
simplified to (see Eq. (5.59)):
Uγm = |1− γc|2γ
(
1 + δ2p
)γ
= |1− γc|2γ
(
1 + γδ2p +O(δ4p)
)
. (5.68)
This approximation, leads to the limit
qmax '

2
√
vq
vm(1− γc)F 14 (1) δ
−5/4
p if γc < 1
1 if γc > 1
(5.69a)
mmax ' δ−1p (5.69b)
fmin '
2γc − 1 if γc < 11 if γc > 1 . (5.69c)
Thus, in this regime we recognize two distinct behaviors: when γc > 1 the multiphase
plume is too heavy and slow to reach its height of positive buoyancy and it collapses.
On the contrary, when γc < 1, the plume is able to reach its buoyancy reversal
height and it can rise into the atmosphere. During its ascent, f varies approximately
in [2γc − 1, 1], while q and m reach a much larger value the more δp is small.
On the other hand, in the jet limit regime (δj  1) we have:
Uγm =
(
(1− γc)2 + δ−2j
)γ ' δ−2γj (5.70a)
qmax ' 1 + vq
vm
F 1
4
(1) δj (5.70b)
mmax ' 1 + 12(1− γc)
2δ2j (5.70c)
fmin ' −δ−1j . (5.70d)
In this case q and m reach maximum values near 1, while f decreases the more the
more δj is small.
5.6.1 Plume height
Eq. (5.65) gives us the opportunity to write an analytic expression for the
maximum height reached by a plume described by Eqs. (5.56). Indeed, the maximum
plume height (m=0) is reached when when f = fmin (cf. Eq. (5.61)). Thus, by
substituting f = fmin in the integral lower limit, and performing a change of
variable in the integral with x = (f − γc)/
√
Um, we obtain (see definition for Um in
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Fig. 5.4: Contour plot of the plume height function h(x0, q˜0) defined in Eq. (5.71). This function assumes its
maximum in h(1, 0) = Γ1 ' 2.572, and it is a strictly decreasing function of q˜0. When x0 → 1− we are
in the plume regime; x0 → 0
Eq. (5.59)):
ζmax =
1
v
1
2
q (vmvf,0)
1
4
(
vm(1− γc)2 + vf,0
vf,0
) 1
8
h(x0, q˜0)
h(x0, q˜0) =
1√
2
x0∫
−1
dx
[
q˜0 + x0 Fq(x20)− xFq(x2)
]− 12 ,
x0 = (1− γc)
(
vm
vm(1− γc)2 + vf,0
) 1
2
q˜0 =
(vmvf,0)
1
2
2vq
(
vf,0
vm(1− γc)2 + vf,0
) 3
4
.
(5.71a)
(5.71b)
(5.71c)
(5.71d)
where h(x0, q˜0) is a function defined in [−1, 1] × [0,∞). It is worth noting that
with this substitution the neutral buoyancy level height can be easily obtained by
substituting the lower bound of the integral x = −1 with x = 0 (cf. Eqs. (5.60)
and (5.61)).
In Fig. 5.4 we represent the values assumed by h(x0, q˜0) in (x0, q˜0) ∈ (−1, 1)×
(0, 1). We notice that this function has a maximum in h(1, 0) = Γ1 ' 2.572.
Approaching this point, the function increases suddenly. This figure must be read
keeping in mind four main regimes: 1) x0 → 1− when γc < 1 and δp  1. In this
case we are in the plume regime near the singular point (x0, q˜0 = (1, 0), thus the
column initially has enough momentum to reach its buoyancy reversal height and
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enough enthalpy to rise until its maximum; 2) when γc > 1 and δp  1, we are in
the collapsing plume regime near the point (x0, q˜0) = (−1, 0); 3) when δj  1 we are
in the jet regime, near the line x0 = 0. In general, γc is the parameter controlling
the column stability: when γc < 1 then 0 < x0 < 1, the column is not collapsing
and when x0 → 1 the column behaves as a plume, while x0 → 0+, the column
behaves as a jet.
The expression for the plume height we have found is the multiphase version
of to that found in Morton [10]. The behavior of h near (x0, q˜0) = (1, 0) is the
more interesting from a volcanological point of view, and it can be studied by
using asymptotic expansion techniques for δp  1 (plume regime). In this case,
Eqs. (5.71) can be highly simplified. Indeed by using Eq. (5.66), we have:
x0 = sign(1− γc)
(
1− 12δ
2
p +O(δ4p)
)
' 1− 12δ
2
p (5.72)
q˜0 = |1− γc| vm2vq δ
5/2
p +O(δ9/2p ) ' (1− γc)
vm
2vq
δ5/2p =
1
2apδ
5/2
p (5.73)
ap ≡ (1− γc) vm
vq
, see footnote7 (5.74)
because γc < 1 near x0 = 1 . Moreover, if x ' 1, the hypergeometric function can
be approximated as follows:
xF(x2) =
∫
(1− x2) 14 dx ' 21/4
∫
(1− x) 14 = −2
9/4
5 (1− x)
5
4 + F(1) . (5.75)
With these information and ap small enough, say
ap < 23/4 +
4
5 ' 2.5 , (5.76)
it is possible to show that:
1√
2
x0∫
−1
dx
[
q˜0 + x0 Fq(x20)− xFq(x2)
]− 12 ' Γ1 [1− Γ2 (1 + a 5/12p ) δ3/4p ] , (5.77)
where
Γ1 =
1√
2
1∫
−1
dx
[
Fq(1)− xFq(x2)
]− 12 ' 2.572
Γ2 ' 0.3802 .
In this “plume regime”, the analytic formulation for the plume height given in (5.71)
simplifies to the first order approximation:
ζ(1)max = H(1)max/`0 =
Γ1
vq a
1
2p δ
3
4p
[
1− Γ2
(
1 + a
5
12p
)
δ
3
4p
]
, (5.78)
7Recall that ap = 45aq , see Eq. (5.40).
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Fig. 5.5: Comparison of the exact formula Eq. (5.71) for the plume height of model (5.56) with the first order
approximation Eq. (5.78) over the zeroth order approximation Eq. (5.81).
while the zeroth order approximation is:
ζ(0)max = H(0)max/`0 =
Γ1
vq a
1
2p δ
3
4p
. (5.79)
This last approximation holds in the limit δp → 0, which is equivalent to the pure
plume solution with initial mass and momentum equal to zero and finite initial flux
of buoyancy.
In Fig. 5.5 we show the good behavior of Eq. (5.78) when δp < 0.3 and ap < 5. It
i worth noting from Tab. 5.2 that this parameter range is the most interesting from
the point of view of volcanic plumes. Fig. 5.5 compares the first order, the zeroth
order and the exact solution (5.71). It shows that the first order approximation
behaves very well in the selected parameter range. On the other hand, we point out
that considering the first order approximation instead of the zeroth order allows to
avoid an error up to 100 % when δp ' 0.3 and ap = 5 (Hmax ' H(1)max ' 0.5H(0)max).
We observe also that Fig. 5.5 is a zoom on the singularity at the bottom right of
Fig. 5.4, since q˜0 ∝ δ5/2p .
In the literature, the problem of obtaining the maximum plume height starting
from the monophase (γc = 0) formulation of the plume model in a stratified envi-
ronment, Eq (5.57) has been studied in Morton et al. [11]. He found ζmax,M ' 2.805
in his non-dimensionalization. We can recover the same result in the zero order ap-
proximation, by noting that the conversion factor from our non-dimensionalization
to that used by Morton et al. [11] is
ζM = 2
1
8v
3
8
f,0v
1
2
q v
1
8
m ζ = 2
1
8vqa
1
2p δ
3
4p ζ , (5.80)
from which ζmax,M = 2
1
8 Γ1 ' 2.805. Turning to dimensional variables, at the zeroth
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order we have recovered the famous relationship:
H(0)max =
Γ1√
2κ
(
φgU0`
2
0
N¨30
) 1
4
= Γ1√
2κ
(
φgQ0
α0N¨30
) 1
4
, (5.81)
telling that the maximum plume height to the power four is proportional to the
mass flow rate times the enthalpy anomaly and inversely proportional to the cube of
the Brunt-Väisällä frequency. In the monophase case, when the Ricou and Spalding
[14] entrainment model can be considered a good approximation for the dynamics of
the first part of the plume, this result is valid even if the Boussinesq approximation
is not valid (see Eq. (5.52)).
In volcanological applications the zero order formula is widely used. We have
found a correction to that formula, for the multiphase case in both the zeroth
and first order formulation. In dimensional variables, the multiphase first order
formulation of the plume height reads:
Hmax =
Γ1√
2κ
(
φ∗gQ0
α0N¨30
) 1
4
1− Γ2
1 + ( φ∗g`02κ U20
) 5
12
(U0N¨0
φ∗g
) 3
4
 (5.82)
φ∗ ≡ (1− γc)φ = φ− [χsYs,0 + (χe − ψe)Ye,0] . (5.83)
which strongly increase the accuracy of the plume height, keeping a simple analytic
formulation. The only difference between the monophase and the multiphase
formulation is in the factor (1− γc), through the substitution φ→ φ∗.
We remind that this Taylor series approximation holds when δp  1 which is
equivalent to U0/φ < g/N¨0 ' 925m/s. This last condition give us a lower limit for
φ and than to the vent temperature:
φ >
U0N¨0
g
⇒ ∆T0
Tα,0
>
U0N¨0
g
. (5.84)
If the vent temperature is much smaller than this lower bound, than the plume
behaves more likely to a jet, and integral (5.71) must be evaluated without the
approximation δp  1.
When we are in the opposite condition δj = δ−1p → 0 (jet limit), we have
x0 → δj  1. In this regime, the function h(x0, q˜0) does not have a strong
singularity as in the case x0 → 1 (cf. Fig. 5.4) and Eq. (5.71) can be safely
approximated at the zeroth order as (use the fact that xF(x2) ' x in x ∈ [−1, 0]):
Hmax ' `0 1
vq
(√
q˜0 + q˜20 + q˜0
) , q˜0 = (vmvf,0) 122vq = `0N¨04κU0 . (5.85)
If also q˜0  1 this expression further simplifies giving the following expression for
the maximum jet height:
Hmax '
(
U0`0
κN¨0
) 1
2
. (5.86)
As a first order approximation one can use `0 ' b0 and invert this expression to
find the inlet velocity from the jet height.
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5.6.2 Neutral buoyancy level and plume height inversion
By recalling that the neutral buoyancy level (nbl) is reached when f = 0, it is
easy to modify Eqs. (5.71) and (5.78) to find Hnbl:
Hnbl/`0 =
1
v
1
2
q (vmvf,0)
1
4
(
vm(1− γc)2 + vf,0
vf,0
) 1
8
hnbl(x0, q˜0) (5.87)
hnbl(x0, q˜0) =
1√
2
x0∫
0
dx
[
q˜0 + x0 Fq(x20)− xFq(x2)
]− 12 , (5.88)
H
(1)
nbl/`0 =
Γ1
vq a
1
2p δ
3
4p
[
Γnbl − Γ2
(
1 + a
5
12p
)
δ
3
4p
]
, (5.89)
Γnbl = 1− 1√2 Γ1
0∫
−1
dx
[
Fq(1)− xFq(x2)
]− 12 ' 0.7596 . (5.90)
Thus we have found a first-order modification of the result of Turner [15]:
H(1)max
H
(1)
nbl
= 1Γnbl
+ Γ2(1− Γnbl)Γ2nbl
(
1 + a
5
12p
)
δ
3
4p . (5.91)
At the zeroth order we find H(0)max/H
(0)
nbl = 1/Γnbl ' 1.316 in agreement with
Hmax/Hnbl = 1.3 obtained by Turner [15].
This result is telling us that the ratio between the maximum plume height and
its neutral buoyancy level is a constant Γ−1nbl ' 1.3 when δp is small enough, and it
grows with δ3/4p .
The neutral buoyancy level of a plume can be observed by measuring the height
where the plume umbrella begins to spread up. If we know Hnbl, Hmax, `0 ' b0 and
the entrainment vq = 2κ, it is possible to invert Eqs. (5.78) and (5.89) in order
to find δp and ap or equivalently U0, φ and β0. Defining hnbl = Hmax/Hnbl and
hmax = Hmax/`0, we find
(ap)−
1
2 + (ap)−
1
12 = ah (5.92a)
ah =
vqhmax(hnblΓnbl − 1)
Γ1Γ2hnbl(1− Γnbl) (5.92b)
(ap)−
1
2 ' a
6
h
1− 0.41a2h + 1.4a3h + 1.39a4h + a5h
(5.92c)
δ
3
4p =
Γ1hnbl(1− Γnbl)
vqhmax(hnbl − 1) (ap)
− 12 (5.92d)
U0 =
`0N¨0
vqapδp
(5.92e)
φ∗ = (1− γc)φ = N¨
2`0
vqg apδ2p
, (5.92f)
a well posed problem when hnbl > Γ−1nbl ' 1.316. The first equation can be solved
looking for the unique positive root with respect x = (ap)−1/2 (cf. Fig. 5.6). In
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Fig. 5.6: Root of Eq. (5.92a) as a function of ah and its analytic approximation, Eq. (5.92c).
Eq. (5.92c) we give an approximate analytic solution which has a good behavior
both in the asymptotic (ah → 0 and ah → ∞) and intermediate regime (0.5 <
ah < 5). In conclusion, the first order approximation for the plume height gives an
additional information allowing to find both U0 and φ∗ in contrast with the zero
order approximation which needs an additional hypothesis on φ∗ to give the mass
flux.
In order to fix ideas, we give an example. Suppose to have a monophase air
plume with U0 = 30 m/s, T0 = 373 K (β0 = 0.947 kg/m3), b0 = 0.1 m ejected
in an atmosphere with Tα,0 = 300 K, p0 = 101325 Pa and N¨0 = 1.015 ∗ 10−2
Hz. Solving Eqs. (5.13) with the Ricou and Spalding [14] model (κ = 0.14), we
obtain Hmax/`0 ' 1387.2 and hnbl = 1.3461, slightly bigger than Γ−1nbl ' 1.316.
Now, substituting Hmax/`0, hnbl, vq = 0.28 and `0 = 0.1 m in Eqs. (5.92), we can
invert the problem recovering the initial velocity and density. With our first order
approximation, we obtain:
U0,inverted ' 28m/s (5.93)
β0,inverted ' 0.887 kg/m3 , (5.94)
with less than 10 % of error with respect to the “real” values.
5.7 Analytic solution for a non-Boussinesq plume in a
stratified environment
In this section we want to find an analytic solution approximating the behavior
of model (5.1) in its complete form, from the vent elevation up to the neutral
buoyancy level. The strategy that we will follow here will bring to an update of the
results we have presented in Cerminara et al. [3].
Both Eqs. (5.26) and (5.41) admit the same asymptotic solution fulfilling the
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initial condition q(0) = 1 8:
q(ζ) =
(
3vq
5a1/5q
ζ + 1
) 5
3
, where aq =
4vq
5vm(1− γc) . (5.95)
Thus this solution approximate the plume model (5.1) in both the Boussinesq and
non-Boussinesq regime. The difference between these two regimes appears in the
asymptotic solution when we choose which first integral of motion to use, either U
(Eq. (5.38)) or URS (Eq. (5.25)), thus in the form of m:
m(ζ) =
[
1
aq
(
q2(ζ)− 1
)
+ 1
] 2
5
, or (5.96)
m(ζ) =
{
1
aq
[(lc(q(ζ))− lc(1)] + 1
} 2
5
, with (5.97)
lc(q) = q2 − 2γc(φ− qχ)1− γc [q − qχ ln(|q + qχ|)] . (5.98)
These asymptotic expansions are equivalent to Eqs. (5.46), with correct initial
conditions m(0) = 1 and q(0) = 1. In what follows, we will use the latter Eq. (5.97)
as asymptotic expansion for the momentum flux, because it works better than the
former equation in the non-Boussinesq regime. Indeed, even if this solution has
been found by applying the approximation q  1 to Eqs. (5.1), we want to extend
its applicability to plumes in non-Boussinesq regime. We will describe a strategy to
hold this task, after having introduced atmospheric stratification.
The only difference between Eqs. (5.35) – from where we have extracted the
latter asymptotic solution – and the Eqs. (5.56) – for a stratified atmosphere – is the
variability of f(ζ). In the former system f is considered as constant and equal to 1,
while in the latter one it is considered as a function f = f(ζ). However, we have seen
in the previous section that f(z) is a slowly varying function, because vf,0 is usually
very small with respect to the rate of variation of the other equations involved,
namely vq and vm. Thus, one strategy to look for an analytic solution of the problem
in a stratified atmosphere could be to consider the asymptotic solution (5.95) valid
also for problem (5.56), and use it for finding f(ζ). In particular, substituting q(ζ)
in (5.56c), we obtain:
f(ζ) = 1− vf,02(1− γc)vm (m(ζ)
2 − 1) , (5.99)
with m(ζ) defined in Eqs. (5.96). Now, we recall the first integral of motion found
in Eq. (5.59)
Um = (1− γc)2 + vf,0
vm
= (f − γc)2 + vf,0
vm
m2 , (5.100)
8In Eqs. (5.46) are the asymptotic solution of system (5.35), written in a form such that it is
possible to find the virtual radius bv. However, that solution does not fulfill initial conditions for
q and m. To write an asymptotic solution respecting the initial condition it is more convenient to
use q(ζ) in the form given in this section.
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parameter [forcedPlume] [Santiaguito] [weakPlume] [strongPlume]
ζmax 1665 23.98 160.6 20.68
ζ(asy)max 1487 21.79 139.8 19.65
ζnbl 1264 18.36 118.6 13.58
ζ
(asy)
nbl 1145 16.53 106.1 14.55
Tab. 5.5: The main parameters defined in this section for the four plume examples of this thesis.
and we try to substitute Eq. (5.99) in it. We find:
(f − γc)2 = (1− γc)2 + vf,0
vm
(1−m2) + vf,024(1− γc)2v2m
(1−m2)2 . (5.101)
This result differs from Eq. (5.59) just because of the term
v2f,0
4(1− γc)2v2m
(1−m2)2 = 14(1− γc)
2δ2p (1−m2)2 , (5.102)
where we have used the definition of δp = vf,0/(1−γc)2vm. The latter term is O(δ2p),
thus it can be disregarded in the plume regime (δp  1) with respect the other two
terms in the right-hand-side of Eq. (5.101), which are respectively O(1) and O(δp).
By noting that Um is approximatively conserved by the asymptotic solution found
in this section, we have corroborated the fact that this solution is approximating
the complete solution in the plume regime.
Having the enthalpy flux evolution f(ζ), it is possible to calculate the maximum
plume height and neutral buoyancy level by usingmmax and fmin given respectively in
Eqs. (5.60) and (5.61). In Tab. 5.5 we recall the maximum plume height and neutral
buoyancy level as obtained from model (5.1), comparing it with the asymptotic
results ζ(asy)max , ζ
(asy)
nbl .
Now we move to face the non-Boussinesq regime. The strategy we proposed
in Cerminara et al. [3] is to use the asymptotic solution in the complete inversion
formulas for U , b, β, Tβ, Ye and Ys reported in Eq. (5.5). The behavior of this
approximation is showed in Figs. 5.7, 5.8, 5.9, 5.10. There we notice that the
solution works surprisingly well for all the presented plumes. In particular, the
temperature and density profiles are well captured for all the cases. The best
behavior is recorded in the non-Boussinesq monophase plume (recall φ = 0.893).
The asymptotic solution behaves worse for the plume radius and the plume axial
velocity in the upper part, where the stratification play the most important role.
Anyway, the plume height is captured with less than 10 % of error for all the plumes.
Systematically, the asymptotic mass flux is overestimated with respect model (5.1).
This error present with more evidence in strongPlume, and directly reflects in the
underestimation of the mass fractions along the plume axis.
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(a) mass, momentum and enthalpy fluxes (b) axial velocity
(c) plume radius (d) plume density
(e) plume temperature (f) tracer mass fraction
Fig. 5.7: [forcedPlume]: Vertical evolution of the non-dimensional fluxes q, m, f (log-log scale), of the plume
radius b (log-log scale) and of the dimensional physical parameters U, β, Tβ , Ye (s), in (linear-log) scale.
Solid lines correspond to the numerical solution of model (5.1), while dashed lines are evaluated by using
the analytic asymptotic solution Eqs. (5.95), (5.97), (5.99).
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(a) mass, momentum and enthalpy fluxes (b) axial velocity
(c) plume radius (d) plume density
(e) plume temperature (f) plume mass fractions
Fig. 5.8: [Santiaguito]: Vertical evolution of the non-dimensional fluxes q, m, f (log-linear scale) and of the
dimensional physical parameters U, b, β, Tβ , Ye (s). Solid lines correspond to the numerical solu-
tion of model (5.1), while dashed lines are evaluated by using the analytic asymptotic solution
Eqs. (5.95), (5.97), (5.99).
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(a) mass, momentum and enthalpy fluxes (b) axial velocity
(c) plume radius (d) plume density
(e) plume temperature (f) plume mass fractions
Fig. 5.9: [weakPlume]: Vertical evolution of the non-dimensional fluxes q, m, f (log-linear scale) and of the
dimensional physical parameters U, b, β, Tβ , Ye (s). Solid lines correspond to the numerical solu-
tion of model (5.1), while dashed lines are evaluated by using the analytic asymptotic solution
Eqs. (5.95), (5.97), (5.99).
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(a) mass, momentum and enthalpy fluxes (b) axial velocity
(c) plume radius (d) plume density
(e) plume temperature (f) plume mass fractions
Fig. 5.10: [strongPlume]: Vertical evolution of the non-dimensional fluxes q, m, f (log-linear scale) and of
the dimensional physical parameters U, b, β, Tβ , Ye (s). Solid lines correspond to the numerical so-
lution of model (5.1), while dashed lines are evaluated by using the analytic asymptotic solution
Eqs. (5.95), (5.97), (5.99).
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6 Comparison between results of 3D and integral plume
models
Integral models for plumes describe the evolution with height (the axial unity
vector being zˆ) of three main variables: the flux of mass, momentum and buoyancy.
The purpose of these kind of models is to reproduce – as accurately as possible
– the behavior of these three parameters under the hypothesis that the plume is
stationary. Moving to the 3D models, they give us the plume variables as a function
of time and space. In order to compare results, we have first of all to average the
3D result over a time window where the solution can be considered stationary. The
second step to do in order to coherently compare the two kind of models is to define
the three fluxes also in the 3D case. We choose to define it as described below.
Given Ω × T, the space-time domain, we first average over T a generic 3D
variable ψ(x, t):
ψ¯ = 〈ψ〉T(x) =
∫
T
ψ(x, t) dt . (6.1)
For keeping the notation as simple as possible, in this section we use (¯·) in place of
〈·〉T. We define a plume subset Ωplm(z) ⊂ Ωz, where Ωz is the plane orthogonal to
zˆ at height z. Subset Ωplm is identified by two thresholds: the averaged mixture
velocity has positive axial component and the mass fraction of a tracer y¯tracer is
larger than a minimum threshold ymin:
Ωplm = {(x1, x2) ∈ Ωz | u¯m · zˆ ≥ 0 and y¯tracer ≥ ymin} . (6.2)
We refer to the integral over this domain as:
ψ(z) = 〈ψ(x)〉Ωplm ≡
∫
Ωplm
dx1dx2 ψ(x1, x2, z) . (6.3)
In particular we define respectively the mass flux, the kth mass fraction, the
momentum flux and the buoyancy flux as follows:
piQ = 〈ρ¯m u¯m · zˆ〉Ωplm ≡ piβUb2 (6.4a)
piQk = 〈ρ¯my¯k u¯m · zˆ〉Ωplm ≡ piβYkUb2 (6.4b)
piM =
〈
ρ¯m(u¯m · zˆ)2
〉
Ωplm
≡ piβU2b2 (6.4c)
piF =
〈(
1 +∑k(χk − 1)y¯k
1 +∑k(ψk − 1)y¯k ρα − ρ¯m
)
(u¯m · zˆ)
〉
Ωplm
≡ pi
(
1 + Yχ
1 + Yψ
α− β
)
Ub2 ,
(6.4d)
where Yψ =
∑
k(ψk − 1)Yk , Yχ =
∑
k(χk − 1)Yk and k ∈ I∪ J (with nil gas constant
of the solid phase ψj = 0). Moreover, α(z) = 〈ρα(x)〉Ωplm . We choose this method
for obtaining the one-dimensional integral fluxes because of two reasons: 1) it is
the three-dimensional counterpart of what we have defined in Secs. 3 and 4, thus
it holds even in non-Boussinesq regime 9; 2) it is independent on the shape of the
radial profile of the plume.
9A similar approach for the Boussinesq regime has been developed in Kaminski et al. [7].
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By defining Qψ = YψQ and Qχ = YχQ, we can recover the plume variables by
using the same inversion formulas given in 5.5. We recall them in their dimensional
form:
• plume radius b(z) =
√
Q(F+Q)(Q+Qψ)
αM(Q+Qχ)
• plume density β(z) = α Q(Q+Qχ)(F+Q)(Q+Qψ)
• kth averaged mass fractions Yk(z) = QkQ
• plume temperature T (z) = Tα F+QQ+Qχ
• plume velocity U(z) = M
Q
• entrainment coefficient κ(z) = Q′2αUb
where (·)′ is the derivative along the plume axis and Tα = p/Rαα is the atmospheric
temperature profile.
It is worth noting that the methodology described in this section allows plume
modelers to coherently compare results obtained from one-dimensional integral mod-
els with data obtained from complex three-dimensional simulations. Moreover, the
entrainment coefficient κ – the key empirical parameter for one-dimensional models
– can be easily obtained for three-dimensional fields. In [2] we give some example of
the results we obtain by using this averaging procedure for the post-processing of
three-dimensional plume simulations. We have used the same procedure also for
the IAVCEI (International Association of Volcanology and Geochemistry of the
Earth Interior) plume model intercomparison initiative [4], consisting in performing
a set of simulations using a standard set of input parameters so that independent
results could be meaningfully compared and evaluated, discuss different approaches,
and identify crucial issues of state of the art of models.
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A Notation
a acceleration
b plume radius
c speed of sound
C specific heat
CD drag coefficient
Cp specific heat at constant pressure
Cv specific heat at constant volume
C compressibility of the velocity
field: 〈|∇ · u|2〉Ω/〈|∇u|2〉Ω
d particle diameter
d spatial dimension
D vent diameter
D strain rate tensor
e internal energy per unity of mass
E total energy per unity of mass
E kinetic energy per unity of mass
spectrum
fj drag force per unity of volume
acting on the jth particle class
F buoyancy flux
2F1, F Gauss hypergeometric functions
g gravitational acceleration norm
g′ reduced gravity
g gravitational acceleration vector
gˆ gravitational acceleration versor
H enstrophy per unity of mass
h enthalpy per unity of mass
Hmax volcanic plume maximum height
Hnbl volcanic plume neutral buoyancy
level
i index running over all the chemi-
cal components in the fluid phase
I number of chemical components
in the fluid phase
I set of all the indexes i
I identity tensor
j index running over all the parti-
cle classes
J number of particle classes
J set of all the indexes j
k wavenumber
kg thermal conductivity
K kinetic energy per unity of mass
Kt subgrid-scale kinetic energy per
unity of mass
L length scale
m mass
N number of grid cells
N¨ Brunt-Väisällä frequency
p pressure of the fluid phase
q heat flux
r radial coordinate
rˆ radial unity vector
R gas constant
Q mass flow rate
Qj heat per unity of volume ex-
changed from the fluid phase to
the jth particle class
Q˙W release of thermal energy from
the vent
Q subgrid-scale diffusivity vector
for the temperature
S source term
S rate-of-shear tensor
S vorticity tensor
t time
T temperature
T stress tensor
T temporal domain
u velocity vector
U velocity scale or mean plume ve-
locity
U entrainment velocity
V volume
w particle settling terminal velocity
W WALE subgrid model operator
x position vector
y mass fraction
Y subgrid-scale diffusivity vector
for the mass fraction
z axial coordinate
zˆ axial unity vector
α density of the atmosphere
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β gas-particle mixture density for
the integral plume model
βρ density ratio parameter
γ adiabatic index of the gas mix-
ture
γc stability of the plume column
δ grid scale
∆x smallest space scale of the dy-
namical problem
 volumetric concentration
t subgrid-scale energy dissipation
ζ non-dimensional axial coordinate
ηK Kolmogorov length scale
ηκ entrainment function
θ atmospheric thermal gradient
ϑ azimuth angle
κ dispersed on carrier mass ratio
κ entrainment coefficient
λT Taylor microscale
ν fluid kinematic viscosity
ξ smallest resolved LES length
scale
µ fluid dynamic viscosity
µb fluid bulk viscosity
µt subgrid-scale eddy viscosity
ρ bulk density
ρˆ density
% density scale
τ typical time scale
τe eddy turnover time
τη Kolmogorov time scale
υ molar fraction
φc drag correction function
χ ratio between specific heats
ψ ratio between the gas constants;
generic function
Ω spatial domain
Co Courant number
Ec Eckert number
Eu Euler number
Fr Froude number
Ma Mach number
Nu Nusselt number
Pr Prandtl number
Prt subgrid-scale turbulent Prandtl
number
Re Reynolds number
Ri Richardson number
St Stokes number
〈·〉 cell faces averaging
〈·〉Ω space domain averaging
〈·〉T temporal domain averaging
〈·〉j jth mass fraction weight average
over the domain
(¯·) filtered quantity
(˜·) Favre-filtered quantity
(·)dg dusty gas
(·)e ejected gas phase
(·)f fluid phase
(·)g gas phase
(·)i ith chemical component of the
fluid mixture
(·)j jth particle class
(·)r correction due to particle decou-
pling
(·)rms root mean square
(·)s solid phase
(·)Sth Sutherland law
(·)α atmospheric
(·)m gas - particle mixture
(·)β gas - particle mixture (integral
model)
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B Gauss hypergeometric functions
Gauss hypergeometric functions 2F1([·, ·] ; [·];x) are useful in order to perform
integrals of the form:∫
(xc − a)b dx . (B.1)
2F1([·, ·] ; [·];x) is the hypergeometric function defined when x ≤ 1 as:
2F1(a, b; c;x) =
∞∑
n=0
(a)n(b)n
(c)n
xn
n! , (B.2)
(a)n =
1 n = 0a(a+ 1) . . . (a+ n+ 1) n > 0 . (B.3)
In thesis we have to deal with integrals in which c = 2, thus we define
Fb(x) ≡ 2F1
([
−b, 12
]
;
[3
2
]
;x
)
(B.4)
Gb(x) ≡ 2F1
([
−b,−b− 12
]
;
[1
2 − b
]
;x
)
, (B.5)
so that∫
(a− x2)bdx = abxFb
(
x2
a
)
+ C if x2 < a (B.6)
∫
(x2 − a)bdx = x
1+2b
1 + 2b Gb
(
a
x2
)
+ C if x2 > a . (B.7)
It is worth noting that Fb(1) and Gb(1) are finite and them value is tied to the
Gamma function Γ(x) as:
Fb(1) =
√
pi Γ(1− b)
2 Γ(3/2− b) (B.8)
Gb(1) =
22b
√
pi Γ(1− 2b)
Γ(1/2− 2b) . (B.9)
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